We study the vacuum stability and perturbativity conditions in the minimal type-II seesaw model. These conditions give characteristic constraints to the model parameters. In the model, there is a SU(2) L triplet scalar field, which could cause a large Higgs mass correction. From the naturalness point of view, heavy Higgs masses should be lower than 350 GeV, which may be testable by the LHC Run-II results. Due to the effects of the triplet scalar field, the branching ratios of the Higgs decay (h → γγ, Zγ) deviate from the standard model, and a large parameter region is excluded by the recent ATLAS and CMS combined analysis of h → γγ. Our result of the signal strength for h → γγ is R γγ 1.1, but its deviation is too small to observe at the LHC experiment.
Introduction
Current experimental results at the LHC are almost consistent with the predictions in the standard model (SM). However, the discovery of neutrino oscillations established that active neutrinos are massive, and their masses are much smaller than those of the other SM fermions. Since the SM cannot explain nonzero neutrino masses, the existence of nonzero neutrino masses is evidence of physics beyond the SM. The simplest way to obtain nonzero neutrino masses is breaking the global B − L symmetry, which is expressed by an effective dimension-5 operator [1] . There are three ways to induce the effective dimension-5 operator at tree level, that is, the so-called seesaw mechanism. There are additional particles to the SM: the SM gauge singlet Majorana neutrinos, an SU(2) L triplet scalar field with hypercharge Y = 2, and an SU(2) L triplet fermion with hypercharge Y = 0 in type-I [2] , II [3] - [6] , and III [7] seesaw mechanism, respectively. Their collider phenomenologies have been studied in Ref. [8] for example.
In this paper, we will focus on the minimal type-II seesaw model with a single SU(2) L triplet scalar field. The existence of the triplet scalar field can significantly change the electroweak (EW) vacuum structure, and the vacuum can become stable up to the Planck scale [9] - [14] . The vacuum stability and perturbativity conditions yield characteristic constraints between model parameters. In addition, since the triplet scalar field couples directly to the SM gauge bosons (W ± , Z, γ), its VEV affects ρ-parameter at tree level, and decay rates of the SM-like Higgs boson (h → γγ, Zγ) are different from the SM case. Thus, the type-II seesaw model is relatively easy to test at the collider experiments compared to type-I and III seesaw models. We will find that large parameter region can be excluded by the recent ATLAS and CMS combined analysis for the signal strength of h → γγ.
On the other hand, the gauge hierarchy problem generally arises when the SM is extended with some heavy particles which couple to the Higgs doublet. In the SM, all operators are renormalizable, and there is no quadratic divergence in terms of the dimensional regularization. Moreover, radiative corrections (or renormalization group evolution) of the Higgs mass term does not change its order of magnitude, and hence, the SM itself is natural . However, adding a heavy particle into the SM and integrating it out, the Higgs mass term receives a contribution of the heavy particle. It is proportional to M 2 , where M is a heavy particle mass. When the contribution is much larger than the EW scale, there should be a fine-tuning to realize the Higgs mass of 125 GeV, unless the Higgs mass term is protected by a symmetry, for example, supersymmetry, shift symmetry, or conformal symmetry (scale invariance). In this paper, we do not consider such a symmetry, but simply impose a naturalness condition that contributions of the heavy triplet scalar field should be lower than the measured Higgs mass. As a result, we will find an upper bound on heavy Higgs masses to be around 350 GeV.
This paper is organized as follows. In Sec. 2, we briefly review the type-II seesaw model and derive mass eigenstates of the scalar sector. In Sec. 3, we summarize the vacuum stability and unitarity conditions, and define our naturalness condition. In Sec. 4, we show the allowed parameter space of scalar quartic couplings and branching ratios of h → γγ, Zγ. Our conclusions are given in Sec. 5.
Review of the type-II seesaw model
We consider the minimal type-II seesaw model (for more detailed discussion, see e.g., [15] ), where, in addition to the SM fields, a triplet scalar field ∆ is introduced, which transforms as (1, 3, 2) under the
where the relevant kinetic and Yukawa interaction terms are, respectively,
Here C is the Dirac charge conjugation matrix with respect to the Lorentz group, and
is the covariant derivative of the scalar triplet field, with the GUT-normalization for the electroweak couplings g = g 2 and g ′ = 3/5g 1 .
Following the notation of [16] , we write the scalar potential in Eq. (2) as
is the diagonal neutrino mass eigenvalue matrix. Using the central values of a recent neutrino oscillation data [20] , the order of magnitude of neutrino Yukawa coupling matrix is estimated as
where the last 3 × 3 matrix can be calculated by mass eigenvalues, mixing angles, Dirac CP phase, and two Majorana phases. Since the Yukawa coupling should be less than unity for perturbation theory, v ∆ is bounded from below as v ∆ O(10 −2 eV).
In the rest of this section, we explain masses and mixings of the scalar fields. Expanding the scalar fields φ 0 and δ 0 around their VEVs (
, we obtain 10 real-valued field components, which yields a 10 × 10 squared mass matrix for the scalars. There are seven physical massive eigenstates H
±± , H ± , h, H 0 , A 0 and three massless Goldstone bosons G ± , G 0 , which are eaten by the SM gauge bosons W ± , Z. The physical mass eigenvalues for the scalar sector are
Note that among the two CP -even neutral Higgs bosons, M H 0 > M h is satisfied for A < C, which we will impose in our analysis.
The mixing between the doublet and triplet scalar fields in the charged, CP -even and CP -odd scalar sectors are, respectively, given by
where the mixing angles are given by
Thus, in the limit v ∆ ≪ v, the mixing between the doublet and triplet scalars is small, unless the CP -even scalars h and H 0 are close to being mass-degenerate. In this limit, the mass of the (dominantly doublet) lightest CP -even scalar is simply given by
(as in the SM) independent of the mass scale M ∆ , whereas the other (dominantly triplet)
scalars have M ∆ -dependent mass. After integrating out the heavy Higgs triplets, the effective scalar potential is given by
At µ = M ∆ , the following matching condition is satisfied:
where λ SM is the SM Higgs quartic coupling. Note that the EW vacuum can be stable by a sufficiently large λ 6 as shown later.
Vacuum stability and naturalness
Since λ SM becomes negative at around µ = 10 8−10 GeV in the SM [see [21] for example], new physics scale, which corresponds to M ∆ in our case, have to appear before λ SM becomes negative. To ensure that the scalar potential (6) is bounded from below, the necessary and sufficient conditions are given by [10] 
In fact, corrections of necessary and sufficient conditions have been recently pointed out by Eq. (19) in Ref. [14] . The major difference would appear in the (λ 4 , λ 5 ) plane, that is, the correct conditions can make the allowed parameter region larger than that by Eq. (28) . Since the difference is not so large and does not change our main result significantly, we will consider Eq. (28) for a relevant vacuum stability condition.
In addition, the tree-level unitarity of the S-matrix for elastic scattering imposes the following constraints [10] :
We also impose the perturbativity condition, that is, all quartic couplings are less than 4π up to the Planck scale. It turns out that the perturbativity condition more strongly constrains the parameter space than the unitarity condition. The one-loop beta functions of coupling constants are given in the appendix.
In the ordinary type-II seesaw model, the Higgs mass correction is given by [22] 
where Λ is a UV cutoff. In our analysis, we neglect the quadratic divergent term, because it does not appear in the dimensional regularization. On the other hand, the logarithmic correction appears in the scheme-independent form, i.e., the coefficient of logarithmic term is the same for any regularization scheme. Thus, we consider only the logarithmic terms in Eq. (30) for a physical correction,
where we have set Λ = M Pl = 2.4×10 18 GeV. We evaluate a fine-tuning level as |δm
GeV is the experimentally observed Higgs boson mass. We require the fine-tuning level to be less than unity for the naturalness in our analysis.
Here, we mention results from the different naturalness conditions in the literature.
In Ref. [23] , the authors evaluated the Higgs mass correction at two-loop induced by electroweak interactions, and they obtained the upper bound of triplet scalar around 200 GeV in type-II seesaw, while they have not considered the corrections due to couplings not related to active neutrino masses except for λ 4 in our notation. However, we will find λ 6 is also important for the naturalness condition (31) to realize the vacuum stability.
On the other hand, in Ref. [24] , the authors obtained M H ± < 288 GeV and M H ±± < 351 GeV by considering the naturalness condition in terms of the Veltman condition [25] , which requires a cancellation of quadratic divergences. Since we neglect the quadratic divergences for an unphysical quantity, our method is completely different from that in Ref. [24] . However, we will find that our result is accidentally almost the same as their results.
Numerical analysis
In this section, we show some numerical results with scatter plots, which satisfy the vacuum stability condition (28) and the perturbativity condition. In our analysis, we solve the renormalization group equations at two-loop level with a one-loop threshold correction for λ, and we restrict the regions of some parameters as follows:
α s = 0.1184 ± 0.0007 [28] ,
Although we take M ∆ up to 10 12 GeV, the following numerical results always satisfy the requirement that M ∆ is lower than the energy scale, at which λ SM becomes negative. The upper and lower bounds of v ∆ are given by ρ-parameter bound and naturalness of neutrino Yukawa coupling, respectively, as mentioned in Sec. 2. We also adopt the following constraints for the charged Higgs boson masses:
which correspond to the experimental bounds on decay mode of
flavor violating decays [30, 31] , and the electroweak precision data [12] , respectively. (28) are negligible for a sufficiently large λ 4 ± λ 5 , the vacuum stability requires −λ 4 λ 5 λ 4 . Note that, when both |λ 4 | and |λ 5 | are small, the vacuum can become stable only by a sufficiently large λ 6 , which will be explained in detail below. The allowed parameter space shown in Fig. 1 is much smaller than that in Ref. [13] , in which only the unitarity condition has been considered.
Allowed parameter space
The left panel of Fig. 2 shows scatter plots in the (|λ 4 |, λ 6 ) plane. There is no allowed parameter space for |λ 4 | < 0.01 and λ 6 < 0.01. Then we find λ 4 + λ [see Eq. (27) ]. When |λ 4 | and λ 6 are sufficiently small but |λ 5 | is sufficiently large, the EW vacuum likely become stable, because λ 5 also positively contributes to β λ . In that case, however, the last two conditions in Eq. (28) cannot be satisfied. Thus, when the EW vacuum becomes stable, the Higgs mass correction usually becomes larger than the Higgs mass. 
Predictions for the decay rate of h → γγ, Zγ
In the SM, the decay h → γγ(Zγ) at the one-loop level is mediated by the virtual exchange of SM fermions (dominantly the top-quark) and the W -boson. In the type-II seesaw model, there are additional contributions from the new charged Higgs bosons [10] . 2 The decay rates of h → γγ is given by [39, 40] 
where α is the fine-structure constant, G F is the Fermi coupling constant, N c = 3(1) for quarks (leptons), and Q f is the electric charge of the fermion in the loop. In the same way, the decay rate of h → Zγ is given by
where
and I t,s 3 are the third isospin components of the fermion. In these equations, the first 2 There are also other contributions in extended type-II seesaw models, for example, in Refs. [41, 42] .
two terms in the squared amplitude are the SM fermion and W -boson contributions, respectively, whereas the last two terms correspond to the H ± and H ±± contributions.
We consider only the top quark contribution for the SM fermion, because the other fermion contributions are negligible. The relevant loop functions are defined as
with the functions f (x) and g(x) in the range x < 1, given by
The couplings of h to the SM fermions and vector bosons relative to the SM Higgs couplings are given by
From Eqs. (23) and (25), we see in the limit v ∆ ≪ v, cos α ≃ 1, cos β ′ ≃ 1, and hence the couplings of h to the SM fermions and vector bosons are almost identical to the SM case. The couplings of Z to the charged Higgs bosons in Eq. (37) are given by
For the scalar trilinear couplings, we havẽ
with the following definitions in terms of the parameters of the scalar potential (up to O(v 2 ∆ )) [10] : Table 1 : Signs of corresponding amplitudes. Signs of the singly and doubly charged scalar contributions depend on signs of λ 4 and λ 4 + λ 5 , respectively.
In the limit v ∆ ≪ v, Eqs. (44) and (45) can be written as
Thus, the signs of the couplings g hH + H − and g hH ++ H −− , and hence, those of the H ± and H ±± contributions to the amplitude in Eq. (36) are fixed by the scalar couplings λ 4 and λ 4 + λ 5 , respectively. The allowed parameter space by the vacuum stability and perturbativity conditions is shown in Fig. 1 , and we can see that there is a small allowed region in λ 4 + λ 5 < 0.
In the SM, the W -boson contributions to h → γγ and h → Zγ dominate over those from the SM fermions, while the signs of the corresponding amplitudes A at the LHC, the partial decay widths of the processes h → γγ, Zγ can be expressed by
where σ(pp → h)/σ SM (pp → h) = cos 2 α with the mixing angle α given by Eq. (25) .
Since cos α ∼ 1 in the limit v ∆ ≪ v, the SM-like Higgs production rate is almost the same as that in the SM. The branching ratios of all the Higgs decay channels are also the same as in the SM, except for γγ and Zγ channels which may differ significantly, but their contribution to the total decay width remains negligible as in the SM. Hence, for our numerical purposes, we can simply assume R γγ defined in Eq. (47) to be the ratio of the partial decay widths for h → γγ in the type-II seesaw model and in the SM. In the λ 4 + λ 5 < 0 case, both R γγ and R Zγ are larger than unity with M H ±± < M ∆ .
The behavior reverses for λ 4 + λ 5 > 0: in the λ 4 + λ 5 > 0 case, both R γγ and R Zγ are smaller than unity with M H ±± > M ∆ . Although R γγ can be enhanced by both H ± and H ±± contributions for λ 4 < 0, there is no parameter space in λ 4 < 0 region for
TeV [see the right panel in Fig. 1 ]. This result comes from the vacuum stability conditions, and we note that R γγ is not strongly enhanced compared to the literature; for example Ref. [47, 48] .
In the λ 4 + λ 5 ≃ 0 case, contributions from H ±± to the decay rate vanish, while
contributions from H ± can be seen clearly. We can see from Table 1 that there is an anti-correlation between R γγ and R Zγ for λ 4 + λ 5 ≃ 0. To see this, we show the relation between R γγ and R Zγ in Fig. 6 . The gray dots correspond to −0.05 < λ 4 + λ 5 < 0.05 with λ 4 > 0, and they lie in the R γγ < 1 and R Zγ > 1 region. Since there is no allowed parameter space in −0.05 < λ 4 + λ 5 < 0.05 with λ 4 < 0, the model cannot realize R γγ > 1 and R Zγ < 1 at the same time. 
Conclusion
We have studied the vacuum stability and perturbativity conditions in the minimal type-II seesaw model. Their conditions give characteristic constraints between model parameters as in Fig. 1 . The vacuum stability can be realized by sufficiently large |λ 4 | or λ 6 , which leads to large Higgs mass corrections. To realize the naturalness condition (δm (125 GeV) 2 ), we have found that heavy Higgs masses should be lower than 350 GeV.
Below this bound, the minimal type-II seesaw model can be testable by the LHC Run-II results. Due to the triplet scalar field, branching ratios of the Higgs decay for h → γγ, Zγ are different from the standard model case. They strongly depend on the sign of λ 4 + λ 5 , and there is an anti-correlation between R γγ and R Zγ for λ 4 + λ 5 ≃ 0 with λ 4 > 0. From the recent ATLAS and CMS combined analysis for the signal strength of h → γγ, we have also found that a large parameter region is to be excluded. Our result of R γγ 1.1 needs more than 10 % precision to see the deviation, while the relative uncertainty on the R γγ is 0.1 for the combined Higgs analysis by the LHC experiment at 14 TeV with 3000 fb −1 of integrated luminosity.
